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Systems With Unknown Control Direction
and Unknown Dead-Zone
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Abstract—In this paper, an observer-based fuzzy adaptive
controller for a class of uncertain nonstrict nonlinear systems
with unknown control direction and unknown dead-zone is
presented. First, by using equivalence dead-zone inverse and
a linear state transformation, the original system is converted
to a new one. Then, by using fuzzy logic systems, the unknown
nonlinearities are approximated based on an adaptive mecha-
nism, and a nonlinear fuzzy state observer is designed to estimate
immeasurable states. The dynamic surface control technique is
employed to solve the problem of explosion of complexity in
the traditional backstepping approach, and then, this method is
combined with Nussbaum gain function to address the problem
of unknown control direction. Besides, barrier Lyapunov func-
tion is employed to overcome the violation of system output.
The proposed controller guarantees that the closed-loop system
is stable; all the system states are bounded, and tracking errors
converge to a neighborhood of the origin. A numerical simula-
tion is provided to confirm the usefulness of the proposed control
design.

Index Terms—Barrier Lyapunov function, fuzzy logic, non-
strict feedback systems, Nussbaum functions, observer-based
control.

I. INTRODUCTION

HERE have been significant developments in nonlinear

feedback control by using feedback linearization tech-
nique in the past decades, but this method cannot handle
uncertainties in the system. Therefore, all attentions have been
devoted to the methods based on Lyapunov stability theory,
i.e., backstepping and sliding mode control approaches [1]-[6].
Backstepping controller is a well-known approach that system-
atically designs the final control signal via designing virtual
control laws at each step [7], [8]. Although the backstepping
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controller is useful for these systems, the explosion of com-
plexity is a challenging problem in this method. In addition,
sliding mode control requires a mathematical background of
systems with matched and mismatched uncertainties.

To avoid mathematical difficulties of the explosion of com-
plexity, dynamic surface control (DSC) technique has been
employed [9]-[14]. In DSC, differentiators are replaced with
low-pass filters and multiple sliding surfaces [9]. For exam-
ple, in [12], predictor-based neural DSC has been designed for
a class of uncertain nonlinear systems in strict feedback form.

In order to handle uncertainties in nonlinear systems, one
can employ universal approximators such as neural networks,
or fuzzy logic systems (FLSs), which have been recently uti-
lized in several applications, see [15]-[24]. More specifically,
in [18], adaptive fuzzy controllers have been investigated for
a class of uncertain SISO nonlinear systems. Furthermore,
an adaptive fuzzy control for a class of MIMO nonlinear
systems with the aid of feedforward/feedback strategy has been
proposed in [25].

In practice, the system states are often unavailable for
feedback and therefore, and one can use an observer to esti-
mate immeasurable states. Therefore, different structures for
observer design of uncertain nonlinear systems have been
introduced. For example, adaptive neural control based on
estimated states have been presented in [26].

Another point in regards to controlling nonlinear systems
is that the control gain may be unknown in advance
and therefore, it is assumed that the control direction is
known [26], [27]. Nussbaum gain function is a method that
can be useful for designing a controller for systems with
unknown control direction. This method was first proposed
by Nussbaum [28], and it is effective to approximate the
sign of control direction. The Nussbaum function is made
of increasing ultimately function and switching functions,
where, the switching function can obtain the sign of control
direction [26].

Generally speaking, the above-mentioned problems and
considerations are made for systems in strict-feedback form.
However, this can be considered as a limitation for dynamical
systems because many practical systems cannot be represented
in strict-feedback form. In fact, this is a new challenge, and
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if the system has a nonstrict feedback form, the controller
design is harder because in strict-feedback systems, a virtual
control signal «; and uncertain function f; are a function of
Xi = [x1,x0,... ,x;]T for i = 1,2,...,n,. However, in non-
strict feedback systems, «; and f; are functions of the state
vector x = [x1, x2, ..., x,]7, and it makes the problem more
challenging [29]-[32]. Therefore, in recent years, there has
been great attention to this class of nonlinear systems. For
example, in [31], a neuro-adaptive output-feedback controller
has been designed for a class of MIMO nonstrict-feedback
nonlinear time-delay systems.

In many systems, dead-zone nonlinearity is one of the
significant concerns that is a problematic issue and it may
exist in many physical systems and affects on the system
stability [33]-[36]. However, to the best of the authors’
knowledge, no results have been reported for adaptive out-
put feedback fuzzy control of nonstrict feedback systems with
unknown dead zone and unknown control direction, which
motivate us for the current study. Another concern is the con-
straints on the states and output of the system. In order to
prevent these constraints, one can employ barrier Lyapunov
function [37]-[40].

Motivated by the above concerns, this paper presents an
observer-based fuzzy adaptive controller based on DSC tech-
nique for a class of uncertain nonstrict feedback systems with
unmeasured states, unknown control direction, and unknown
dead-zone, with constraints on the output. In the proposed
controller, by using fuzzy logic approximators, unknown non-
linear functions in nonstrict feedback system are estimated
adaptively by using Lyapunov-based adaptation law, and by
utilizing fuzzy state observer, the immeasurable states can
be estimated. Control direction in this system is unknown,
and therefore with the aid of a special Nussbaum function
and the barrier Lyapunov function, an appropriate controller
is designed. It is assumed that the control signal is passed
through a dead-zone function with unknown slopes and the
parameters of the dead-zone nonlinearity are approximated by
using adaptive mechanism. Finally, by combining the proposed
tools and with the aid of DSC, an observer-based adaptive
fuzzy controller for nonstrict systems with unknown dead-
zone and unknown control direction is designed. It is shown
that by using the proposed observer-based fuzzy adaptive
controller, the semi-globally uniformly ultimately bounded-
ness (SGUUB) of signals in the closed-loop system is assured
and the system output tracks the desired signal effectively with
constraints on the output. Moreover, the main contributions of
this paper compared to the existing results are summarized
as follows.

1) An observer-based fuzzy adaptive controller is proposed
using the barrier Lyapunov function for an uncertain
nonstrict nonlinear system with unknown control direc-
tion and unknown dead zone.

2) By employing FLSs, the unknown nonlinearities are
approximated, and a state observer is then designed to
estimate immeasurable states.

3) In order to overcome “explosion of terms” which is
problematic in traditional backstepping approach, DSC
technique is employed, and this technique is combined
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with Nussbaum gain utilization to overcome the problem
of the unknown gain sign.

4) In [12] and [22], the unknown nonlinear systems are in
strict feedback form. However, in this paper, an adaptive
controller is designed for an extensive class of nonlinear
systems in nonstrict feedback forms.

5) Although there are numerous results on control
nonlinear systems in the presence of dead-zone
(see [35], [36], and [41]), observer-based adaptive fuzzy
controller for nonstrict-feedback nonlinear systems with
dead-zone, and unknown control direction has not been
investigated yet.

In what follows, the mathematical preliminaries are given in
Section II. The system dynamic and problem formulation are
presented and a fuzzy observer is introduced in Section III.
Section IV explains fuzzy adaptive control design of non-
strict systems and results on the stability conditions are also
discussed in this section. Simulation results are provided in
Section V. Finally, Section VI concludes this paper.

II. MATHEMATICAL PRELIMINARIES

In this section, the mathematical preliminaries that are used
in this paper are given.

A. Nussbaum Function Scheme

Definition 1 [26]: The function N(n) is called Nussbaum
gain function if the following properties are held:

1 s

lim sup —/ N(n)dn = +o0 (1)
§—> 00 s Jo
1 S

lim inf—f N(n)dn = —oo. 2)
§—> 00 s Jo

Different functions have been introduced that satisfy the
above conditions, e.g., exp(nz) cos([m/2]n), n2 cos(n), and
772 sin(n). In this paper, exp(nZ) cos(nZ) has been chosen as
a Nussbaum function.

Lemma 1 [26]: Let N(n) be Nussbaum gain function and
is assumed to be a smooth function defined on [0, #/]. Suppose
a positive definite, radially unbounded function V(¥) exists that
satisfies the following inequality:

t
0< V() < V() + e*Cf/ d(oN() + Dne€Tdr +D  (3)
0

then V(¢), n(r), and fot d(pN(n) + 1)7e€Tdr are bounded on
[0, ] where C and D are positive constants, p is a nonzero
constant and d is some suitable constant.

B. Barrier Lyapunov Function

Definition 2 [40], [42]: A scalar function V;(x) is a barrier
Lyapunov function defined relating to the system x; = f;(x;)
on an open region E; including the origin, which is contin-
uous, positive definite, and with continuous first-order partial
derivatives at every point of E;. In addition, as x; tends to the
boundary of E; results in V;(x) — oo. It also holds the prop-
erty Vi(x;()) < b; Yt > 0 along the solution of X; = f;(x;) for
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x;(0) € E; and some positive constant b;. In this paper, barrier
Lyapunov function is defined as the following function:

=1 K 4)
= — 10 —_—

where [s1| < K and log(.) stands for the logarithm function
of ().

Lemma 2: For any positive constant K, where s; satisfies
|s1] < K, we have the following inequality:

_ _11 K> s% 5
Vl—zog K2 —s3 <K2—s%. ©)

C. Fuzzy Logic Approximator System

The FLS contains four parts. These parts include the knowl-
edge base, the fuzzifier, the fuzzy inference engine working on
fuzzy rules, and the defuzzifier [13]. The knowledge base is
a set of If-Then rules in the following form: 0t : If x; is F’ ]L and
Xy is F5 and --- and x, is FL, Then yis G5, L=1,2,...,N
where x = [x1, x2, ..., x,]¥ and y are the inputs and output of
the FLSs, respectively, and N is the number of rules.

By using singleton function, center average defuzzification
and product inference [23], the FLS can be expressed as
follows:

_ Yor v Tl i, ()
> [H?=1 I, (xi)]

where wp. and pge are fuzzy membership functions asso-
1

y(x) (6)

ciated with fuzzy sets FlL and GE, and YL = maXxyen waL(y).
Define the basis function in the FLS as follows:

n L
i=1 M (xi)
oL(x) = NH I L @
21 [Hi:l K, (xi)]
Denoting 07 = [01,65,...,6y] and @(x) =
[o1(x), ..., goN(X)]T, FLS (6) can be stated as follows:
¥ =0"p). (8)

Lemma 3 [43]: Suppose f(x) is a continuous function on
a compact set 2. Then, there exists an FLS (8), for any
constant ¢ > 0 such that

sup [fx) —0Tpx)| <e. 9)

III. PROBLEM DESCRIPTION

Consider a nonstrict nonlinear system with unknown distur-
bances, unknown control direction, and unknown dead-zone
described as follows:

Xi=xip1 Hfix)+dit) i=1,2,...,n—1
Xp = pDW) + fn(X) + dn ()
Yy =X1

(10)

where X = [x1, x2, ..., x,]7 is the state vector, y is the out-
put of the system, and p is an unknown constant satisfying
Pmin < |p| < Pmax, Where Ppmin and Ppax are positive con-
stants, f;(x), i = 1,2,...,n are unknown smooth nonlinear
functions, d;(t), i =1,2,...,n are the dynamic disturbances

satisfying |d;(#)] < d; where d; are known constants, D(u)
is the output of the dead-zone nonlinearity described by the
following function:

my(u—d,), if u>d,
D(u) = 1 0, if —d; <u <d,
m(u+dp, ifu<-—d

(11)

In (11), u € N is the input of the dead-zone element, d, and
d; are the dead-zone widths, m, and m; are the slopes of the
dead-zone and these parameters are assumed to be unknown.

The main is to design an adaptive fuzzy DSC for nonstrict
feedback systems such that the system states are bounded and
the output of the system can track the desired signal y, well.

Assumption 1: The reference signal y, and its derivative
vr, ¥, and ¥, are assumed to be bounded and available for
measurement.

Assumption 2 [23]: The output of dead-zone D(u) is not
available for measurement. The parameters of dead-zone m;.,
my, dy, and d; are unknown, but their signs are known (m, > 0,
m; >0, d, >0, and d; <0).

Assumption 3 [23]: The slopes of the dead-zone are
bounded by known constant, i.e., there exist known constants
My mins Myrmax> Mimin, and Myymax such that 0 < mymin < m, <
Mrmax and 0 < mymin < my < Mymax.

Remark 1: Assumption 1 is common in the literature since
the output of the system and its derivatives are bounded for real
systems. Assumption 2 is reasonable for realistic applications,
because the actuator in a real system has a predefined range of
operation. Therefore, the closed-loop system might be unstable
if this limitation is not considered in the design procedure.

If we assume the system is without a dead-zone and u is the
input of the plant, the following control signal u is generated
from the equivalence dead-zone inverse:

ud'i:amra_i_ udiaml
my

u=D"uy) = 1=5. (12)

,
In (12), m,, my, dyy, and d,,; are estimates of m,, my, dpy,
d,y and

5:{1 if ug >0 (13)

0 if uy <O.

The resulting error between the u and u, is obtained as

- d
D) —uq = (dmr - M’:iir)(S

my
- g — d
+ (dmz——"m ’"’mz>(1—a)+ed (14)
1

where d,; = dyr —Amrs dp = d), —dmi, My = mf —in,, and
iy = mj —my are parameters of error and &4 = —m} x,(u —
dy) — mj x;(u — dy) is bounded. In addition

1, ifdi<u<0O

1, if0<u<d,
Xr = { 0, otherwise. 3

0, otherwise and y; = {

Since the system states may not be available for mea-
surement, an observer should be incorporated to estimate the
unmeasured states. In order to design an appropriate observer,
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at first a suitable change of variable should be employed. Let
Xxi = (xi/p), then system (10) can be represented as

1 = o+ LK 4 400
: - y (16)
Jin = D(w) + FX 4
y=pxX1-
By defining Fi(x) = [Fi(x)/p]. and di(t) = (di(1)/p). i =
1,2,...,n, the system (16) can be rewritten as
X1 =x2+Fi1(x) +di(0)
: (17)

Jin = D) + Fy(X) + dn()
y=prX1
After adding and subtracting new term Ky, (17) can be
compressed as follows:

n
X =Ax+Kxi+ Y BiFi(x)+ I+ B,D(u)
i=1

y=Cly, i=1,2,....n (18)
where
k1
—ky ko
A= : I , K=1.
| —k. O 0 K,
- T
0O---010 0 T
Bi=|w—uroou , M=ld,dy, ..., d,]
L i 1xn
= = = 1T
c'=[p 0 - 0], Fi=[Fi.....Fy]
and x = [x1, X2, ...,Xn]T. The vector K is chosen such that

matrix A is Hurwitz. It means that there exists a positive defi-
nite matrix P > 0, for any given positive definite matrix Q > 0,
such that the following equality holds:

ATP 4+ PA = —20. (19)

_In (18), Fi(x) is unknown. Therefore, by using Lemma 3,
Fi(x),i=1,2,...,n, can be approximated by the following
FLS:

Fi(%16:) = 6f () (20)

where ¥ = [X1,..., %] is the estimate of xy =
[x1, x2,---, Xn]T. The optimal parameter vector Gi* is defined
as follows:
0F = arg min|: sup E()A(|9,~) - I_*",-()A() ] 21)
0;,€2; PR
xeU,xeU

In (21), @;, U, and U are the compact regions for 6;, x,
and X, respectively. The approximation errors §; and FLS
minimum approximation errors &; can be defined as

8 = Fi(x) — Fi(116:), & = Fi(0) — Fi(R16})

i=1,...,n.

(22)

IEEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS: SYSTEMS

In (22), [6;| < 6] and |g| < & that §F and & are
known positive constants. By substituting (22) into (18), it
is rewritten as

n
X =Ax + K+ Y Bi(Fi(%16) +8) + 1+ B,D@)

i=1

y=Cl'y, i=1,2,...,n. (23)
Therefore, the following observer is designed:
. n
X =AR +Y_BiFi(X16)) + B.D(w)
i=1
y=CT%, i=1,2,....n (24)
The observation error vector e is defined as
e=leier....e" =x—3%. (25)

By using (23), (24), and observation error (25), the follow-
ing observer error dynamic is obtained:

n
é:Ae+KX1+ZBi8i+H

i=1

(26)

where 8; = [81,82,...,64]".

In this part, the Lyapunov function Vi = (1/2)e’ Pe is intro-
duced, where P = PT >~ 0 is a positive definite matrix, and
by utilizing (19) and (26), we have

. 1
Vo sym(E(Ae +5+ 11+ KX1)TPe>

1
= 5eT (ATP+PA)e+e" PG+ T +e'PKx1 (27

— ——
-20

where sym(x) denotes (x) + (x)7.
In addition, the following inequality is true for a positive
definite matrix Q:

Imin(Q)llell* < e Qe < Amax(Q)e]”.

By using Young’s inequalities, one can obtain
IPIZ ) p2 1P = o

S+ @

By using inequalities (28) and (29), (27) can be expressed
as follows:

(28)

e'P(M 4 8) < Jle||®> +

Vo < —(min(Q) — Dllell* + My + " PKy, (30)

where My = (1/2)[|PIP18* 1+ (1/2)IIP|* X1, d7, that M is
a positive constant. It is noticeable that the last inequality (30)
is used later for stability proof of the designed controller.

IV. ADAPTIVE Fuzzy CONTROL DESIGN
AND STABILITY ANALYSIS

In this section, by using an adaptive fuzzy scheme and
employing DSC approach, a suitable controller with adaptive
laws is designed. It will be shown that the SGUUB of all the
signals of the closed-loop system is achieved, and also the
output of the system tracks the reference signal. In order to
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design DSC, it is necessary to recursively follow the proce-
dure in n-step. At first, the following change of coordinate is
considered:

SL=Y—Yr
Si = Xi — Zi»

Wi =2 — ]

i=2,3,....n

(€29
where s; is the error surface, y, is the desired signal for track-
ing, o;_1 are the virtual control, z; is a state variable that it is
achieved by using a first-order filter on control function o;_

and w; is the output error of this filter.
Step 1: From (31), we get

St=y—Yr=px2+Fi(x)+di —yr (32)

By substituting (21) and (22) in (32), and by defining the
eITor ey = x2 — X2, $2 = X2 — 22, and wp = 7o — @ one can
obtain

S1=y—=yr=px2+F1(x)+di —yr
N N .
= p(e2 + %2) + pe1 + p07 @1(X) +di — yr
=p(e2+ x2+¢1) +,091 o1(X) + 091 o1(X) +di —
eng 671

= plex+s2+wa+a1 +e1) + pb] ¢1(%)
——

%,
+ o0 1(X) +di =y (33)
—
%
where § = 6* — 6 and x = [x1, x2, - .., xul”.
Consider the following Lyapunov function candidate:
J
Vi=Vy+ Vi + o leegl
1 K? 1 -
= Vo + - log By, 0s, (34)

—+_
2 TK2-s1 2n

where y; and K are the positive design constants, and V; is
a barrier Lyapunov function defined in (4).

By calculating the time derivative of Vi, and using the
previous results we have

. T s151
Vi < —(min(Q) — Dllell* + My + " PKy, + 5
K2 — ¢
1 ~r 2
+ » 9g19g1 < —(Amin(Q) — 1)”3”
S1 gr ~
+m ple+er+s2+wrtar | + g1<P1(X)
: m 2
+ 00 o1(R) + di =3
{3}
+ LaTh, b TPK g +M (35)
J/l g1 81 Xl 1-

{4}

In addition, by using the Young’s inequalities, the following
inequality is true corresponding to the part including term {1}:

2
2/)62 + L 2)051 =< l”6”2 + 1Silzlomax
K2 — s K2 — s 2 2 (K2 _ s%)
1 S% I, )
+ Em + Epmax“Sl |°

(36)

In addition, the same expression can be stated for term
which includes {2} as

U et S < 51 L lpz 2
K2 — s% K2 — s% - 2(K2 _ s%)z 2 Fmax=2
2
51 2 1,
+ ax T = W5.
2([(2_ %)zpmdx 2 2
37

Using the same fashion, we may write the following
inequalities for managing terms including {3} and {4} in (35)

2
S1 57 L= 2
dy < + —|d 38
Kz—s% ! 2(K2—s%) 2“ l” 58)
1 LK% 1
e PKx1 < < llel*IPI* + = ——— < <[el*| P
2 2 min 2
IKIPsT  IKI%2 | IKI4Y?2 Lo g
2pmin 2prznin 2'oilin 2 :
Substituting (36)—(39) into (35), yields
. 1
Vi = =Cmin(@) = Dllell® + M + llell?
1 S% 2 1 2 2 3S%
+ s ——— 0t + Pl +
2 (K2 B S%)z max o Fmax “ ” 2(K2 _ S%)Z
L5 5 S% 1 L= 2
- S N —|la
+ meaxs2 + 2([(2 B )2 pmax + 2W2 ) ” 1”
§1 ~
+ KZ—_S%(POH )’r+9g1§01()())
L[ visi 2
+ Zegl <K2 - ||e|| Pl
1K ||K|| IKIYY? 1,
7 40)
2pmin 2'Omm 2'Omln 2
Therefore,
3 ||P||2 )
Vl = - )\mm(Q) N T A ” ” +M
S1 pa + meax + %
4+ 2K>—<7)
R\ =5+ 001 (3)
[ V151 o 15 5
z@ <K2 2(/71 (X) - 9g1) + ElomaxSZ
1, ||K||2s1 1,
—w + =5 41)
2 2 2/Omin 2 !

where My = My + (1/2)pmallefll> + (1/2)d111> +
[AKI2y2) /22 )1 + LUKy /2t 1.
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Since control coefficient is unknown, the virtual control
law described by Nussbaum function and adaptation laws are
obtained as follows:

3s .
NG C181 + %,Omax + 2(1(23;2 -V @)
= n K2_s2 K2_g2
+€T¢1(X)+ IIK uzg)mm 1) g, 4 2l ; 51)
§, = 1 B, 0, (0) =0 43
gl_K z(pl(X)_al g1 gl( )— ( )
c1s1 + 2 meax + %
51 51 Kz(zKK_zsl)z
n= — 5+ 07 01(3) + I ||2( .*S])Sl (44)
awr ) | e 0+ T
SI(K _31)
+——"
where c1, o1, and d are positive constants parameters to be
designed.

By substituting (42)—(44) into (41), one can get

) 3PP 5 cis
Vi < =\ Amin Q_i_T llell +M2_K2——s%

1
2P%ﬂz+zwz+d@NW)+1M4-y e

(45)

It is noticeable that, o; must be passed through a first-
order filter with dynamic zp and time constant of the filter
is 1p. This technique avoids the explosion of complexity in
the backstepping technique

+

2+ =ar 22(0) =a(0). (46)
By defining wp = zp — o1, the following relations are
obtained:
. w2 . . . %)
H=——"=Wr=n—a=——+B2() 47
72 72

where 7, > 0 and B;(.) is a function of s1, s2, w2, Og,, Yr, V1.
and y,. )

Step 2: Considering s = X2 — z2 and by using x» = x3 —
koxi + 92T ©2(X), the derivative of s; is

== —ki +610:(%) - 2 (48)
Consider the following Lyapunov function V5:
Va=Vit o5+ 5w+ 2—1/292792 (49)

where y» > 0 is a design parameter. By using (45), the
derivative of V, along the time is obtained as follows:

v <[5 3 |PI? y cis?
2 < = Amin(Q) — ———|| 12+ _I{Z——s%
1 1 -
+ zpmaxsz + 2W2 + d(PN(n) + 1)77 + 9 egl
+ 52| 23 kot +002(R) — 2
L
{5}
w2
+ W2<—— + Bz(-))
(%)
1 -
—92 T (r25202(%) — 62) + |52853] - (50)
——

{6}
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In order to simplify (50), the following inequality is used:

x| —xtanh<f> <02785¢=¢', ¢>0.  (51)
S
Therefore, in (50), by substituting s3 = x3—z3, w3 = 23—a2
in {5} and using inequality (51) for managing term {6}, one
can write
2

. 3PP 5 c1s7
Vo < —| Amin(Q) — E - T llell= + M> — K _ S2

1
. Ol ~1
+ d(pN(m) + Dn + ;Gglegl

+ sz[S3 +wi+oar—koji + 92T‘/’2()A() -2

1 57 B%
+ Epfnaxsz + B3 tanh(%)] +¢
2

I, w 1~ . .
+ —w5 — —= 4+ wyB2(.) + —6;5 (25202 —63) (52)
Lot L3t (sents) — )

where 2, ¢, and B; are the positive design constants.
In this step, the virtual control law and adaptation laws are
obtained from the following relations:

. . 1
= —cs+ ki — 0, 02(X) — = Ppaxs2

2
*
-8 tanh<S2ﬁ2> +1
S
02 = y25202(X) — 0202 62(0) =0

where ¢ and o7 are the positive design constants.
Substituting (53) and (54) into (52), yields

(53)
(54)

%<—< (@—§—L£>MF+M— Qs
— min 2
2 K2 — 53

eTegl + 2 92 0y + 52(s3 +w3)

+ d(pN(m) + Dn + ”

55
> (55)
where M3 = M; + ¢’. Tt should be noted that ap must be
passed through a first-order filter with dynamic z3 and time
constant 3

1 1
+wyl = — — ) +w2Ba() — czsz
T2

1323 + 23 = a2 23(0) = a2(0). (56)
Define w3 = z3 — ap, then we have
. w . . . w
= Sy =i3—dn = —— +B3() (57)
3 3

where 73 > 0 and B3(.) is a function of variables sy, 52, s3,

w2, w3, 9g19 029 )’r, yr’ and yr'
_ Step i: We consider s; = Xi—7zi» 3 <i <n—1 and by using

Xi = Ri+1 — kix1 + 60 @i(X) the derivative of s; is obtained as
follows:
Si=Xi—i4= R~k +60lei(R) — 5 (58)
By using sir1 = Xi+1 — Zi+1 and wipy = zip1 — o, (58) is
written as
i = Rim1 — ki + 6] 0i(R) — z
= Sip1 + wirt + i — kit + 07 0i(R) — 2. (59)
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Analogously to the previous steps, «; is passed through the
first-order filter with time constant 7;; and dynamic z;4

Tit1Zi+1 + Zig1 = o Zi41(0) = ;(0). (60)

By using wiy1 = zi+1 — «;, one can get the following
equations:

Wi+1 Wi+1
- = Wl+1 = Zl+1 _O(l = - +Bl+1()

Ti+1 Ti+1
(61)

Zip1 =

> 0 and Bj+1(.) is a function of vari-
5Si+]aW2’ W37--'»Wi+l7‘9g1’92,-'-70i,}’r,).’r,

where Ti4]

ables s1, 52, ...
and y,.

Define the following Lyapunov function candidate V;:

1 1

V_V,1+—s+ —w? + 90,~

2 l 2 1 2 (62)

where y; > 0 is a design parameter. The time derivative of V;
is obtained, and following the previous steps we have:

. 3 1PIPY, 2
i = — | Amin AT T A =
Vi < = Amin(Q) — 3 lell” + Mi—
C1S2 i—1
- 5= cksk+d(PN(7l)+1)77+ 0y, 6c,
K —s1 —

i—1 i—1 i—1
o 1
+ E %9{9k+ E SkSk+1 + E SkWik+1 + EW%
k=2 k=2

— Z( wk — wiBi (. ))
+ si(Sip1 + wip1 + o — kixi + 6] 9i(R) — 2)
1 1~ .
+ |siBf| - ;w% +wiBi(.) + yeiT(y,-sl-wi(x) —6)
1 1
(63)

where ¢;, ¥4, 0y, and B, 3 <i < n—1, are the positive design
constants.

In this step, the virtual control law and adaptation laws are
obtained as follows:

B
o = —cisi + kix1 — 0; (p,( ) BF tanh( lf’

— 0;9,' 9,'(0) =0.

) +uo (64

b; = visivi(X) (65)

By substituting (64) and (65) into (63), it is obtained

3 ||P||2 c1s]

5= llel® + Mi =
K? — 5

—ch5k+d(,0N(77)+ 1)n+ Og, O,
k= 2

i i
Of ~ 1

+ Z —9kTGk + Z SkSk+1 + Z SkWk+1 + —W%
k= 7k k=2 k=2 2

- Z( w? — wiBy(. )>

Vi < ()»mm(Q)

(66)

where M; = M;_| + ¢’ and By(.) is a function of vari-
ables S1582y e ooy SkH1, W2, W3, ooy Wit] egl» 027 ey 9/{’ Vrs ).’r,
and y,.

Step n: In this step, the actual control law u, appears. This
step is a final step. Consider s, = X, — 2, and since x, =
—knX1 + 9 ©n(X) + D(u), the derivative of s; is

Sp = )? —Zn = —kn X1 + GT(pn( ) + D(u) — zn. (67)

A

By using (6), s, = Xn —
expressed as

zn and wy, = 2z, — dy—1, (67) is

Sp = )A(n_in = —ku X1 +93§0n(A)+D(M)_Zn = —kaX1

A ~ Md+d ro~
+0,1T¢n(x)+ud+<dmr T’" )60)

r

. Q.
+<dml—“"ﬁl—l’”’ )(1—3<r))+sd—zn (68)

In this stage, the following ultimate Lyapunov function is
considered:

V=V +1 +l +19T9+12
S N R 20

~2 ! 1 2
26 gy 9 ©

where y, > 0, {1 >0, & > 0, &3 > 0, and ¢4 > 0 are design
parameters. The time derivative of V is obtained as

v [0 3 1P Y c1s5t
= - mm(Q)_z_ lle ” +My—1 — ﬁ

2 — 57
n—1
2 . Ol =T
— chsk +d(pN() + )iy + —0, 0,
= 2 V1
n—1 n—1 1
+ Z —QkTGk + Zsksk+1 + ZSka—H + sz
= vk =2 =2
n—1 1
—Z —wy — wiBr ()
=2 \ Tk

+ Sn|: — knX1 +9,1T</)n(f() + uq

! i
+ (dm, _ Md G )5(;)

iy

o ug—d . .
+ (dml - Mmz)(l —8(0) +eq— Zn:|
iy
1

+ wy <__ + B, ()) r{(ynsn(pn( ) 9,,) + |sl.31*|
1 1 1 1~
amlml + Emrmr + o dmldml + 2 dmrdmr (70
Therefore,
) 3 |P|? ) cis
VE—()»min(Q)—z— ) llell” + Myu—1 — Kz——s%
n—1
=Y st +d(pN@) + 1y + eT B, + Z kg o,
k=2 =2 7k
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n—1 n—1

L,
+ ;SWH] + ;Skwkﬂ + sz

- Z( wi — wiBi(. ))

/\

+ —mz iy — §1

i
an(d

" sl —5(t)))

d+ mr 5(1‘))
i + 3501 — a(r»)
+ admr(dmr R0)
+sn[— 2w X1+ 0] on(X) — 20+ ta + €a

+ B tanh< $ub )] +¢
S

1 -~
+ wn<—@ +Bn(.)> =0y (Yusugn(%)
n

Tn

—0,) (D)
where 8 > 0 is a constant design parameter.
In this step, the actual control law and corresponding

adaptation laws are obtained as

1 .
- Esn + kn X1

Ug = —CnSn - ezwll(x) +2n
— B tanh( $ub ) (72)
S
‘en = Vnsn(pn( ) — Opbth, 62(0) =0 (73)
i = —350(1 = 8(0)) + a3dym (74)
mr = _§45n8(£) + asdpy (75)
S ug — dp A
m = CITIS n(1 = 8(0) +aim (76)
ug +d
iy = £~ 5,8(1) + arin (77

r

where c¢,, 0,, ai, az, az, and aq are the positive design

constants. By using the following inequality:
1, 1 _ ,

Sned = 55, + > 2dll (78)

and substituting (72)—(78) into (71), yields

. 3 ||P|| c1s? "
V< —(Amm@ — lel* - 5= - > ast

1 k=2
+d(pN(n)+1)ﬁ+ 0+ Y — 06
81 Zyk k
(7 N {8}
n—1 n—1 1 a
+ SkS, + SEW +—-w +—mm+ mym,
;kk+1§kk+122 I3 ll{ riy

{9} {10} {11} {12}

+ - dmldml +
03— 0
{13}

1
dmrdmr +M, — Z _Wk — wiBr ()
=\ %
{14} {15}
(79)

where, M, = My_1 + ¢’ + (1/2)|&41|>.
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In addition, by using the Young’s inequalities, the terms
{7} and {8} in (79) can be written as follows:

~ - ~ 1
T, _ T 5T
07 00, = O (03, — 1) = zeglegl + 29;1 67 (80)
1~ 1
6lo, < _§9k O + 70 "or, k=2,. (81)
and similarly, this is also true for terms {9} and {10} as
1
SkSk+1 = 2 sk+1 = ZskskH < Z —s7 + skJrl
1, 1,
Y S +1 ; (82)
_S DY —_— —s
23 2" 2"
1 1 n— n—1 1
SIWk+1 = 2Sk+ 2Wk+l = ZSka+] < Z Sk+ 2Wk+l
k=2 k=2
1, 1,
= <§S2++2 n 1)
1 1 1
+ <§w%+ -+ zwﬁ 1+ 2w2> (83)

Using the same procedure, the terms {11}—{14} can be
stated as follows:

- - 1. 1 -
gy = iy (mj — i) < —Em,z + gm}k (84)
~ ~ * 1 ~2 1 *2
mym, = mr(mr — mr) < —Em, + zmr (85)
~ A ~ ~ 1~ 1 2
Aot = i (dy = Aot ) = =30+ 53y (86)
~ A ~ 1~ 1 2
e (e R A C)
In addition for term {15} one can write
wiBi () < [Bi()wil (83)
w2BZ()
|Br(Owy| < I — + 2, >0 (89)

where 7 > 0 is a design parameter and substituting (80)—(89)
into (79), one can write

2 c1s7 - 3\ 2
—@lell” - SQ—Z =3 )5t

1 2 2 .
~ 3% =5 +d(pN() + Dn —

n n
Ok ~r Ok T
-S> e 9k+§ Lo
k:22ka 2J/kk k

V < —(imin(Q)

=2
a2 @ oo 2 2 43 o 43 2

- 2000 20 " 2 7 2 ml+2§3 ml
as as 2

- — —d M, 90
24 mr 2¢4 mr M G0
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where ¢ = (3/2) + (|P|?/2). Let

n n
A/:{Z 9T081+Z*9 0k+ZW,%+€TPe§2p},

k=3 k=2

Therefore, By is a continuous function and there exists a pos-
itive constant Hy in the compact set A’ such that |Br(.)| < Hy
on A’. Therefore, (90) can be rewritten in the following form:

c182 " 3
1 2
e —z(ck—g)sk

1 k=2

V < —Omin(Q) — @ llel* —

s2 +d(pN(n) + )i — eTegl

n 2
Ok ~r 1 I H(O\ , ar 2
—Qk‘)k‘2<?k‘5‘ ) Ll

— 552

k=2
(12 ,,,2 as ~ aq 2
——d;,— —d D 91
T2 2T 2 mr & on
where
2 an 2
D= 0; +Z ek or + {lm}k +2—me
as 2
—+ Edml-l- ;_ dm,+Mn+2n(n— 1)

The parameters Q, ck, t, k =2, ..., n can be designed such
that Amin(Q) —¢q¢ > 0, cx — (3/2) > 0, (I/5) — (1/2) —
(H?(.)/27) > 0 for k = 2,...,n. In addition, from (5), we

have
cls% s%
_ KZ—S% < —C log(Kz_S%). 92)
Let
C= min{zM 2 2<c - 3), a %
Amin (P) 2/ v

NE H{O)\ a1 a2 a3 a4
% 2 27 )0 o B n
k=2,...,n

Consequently, (91) is expressed as follows:

V< —CV +d(pN(n) + )i + D. 93)
Therefore,
d
Z(Ver) = d(oNGn) + e + D 94)
dt
Integrating (94) from both sides yields
t t
Vel = / d(pN(n) + D)ne'dr + f DeC'dr.  (95)
0 0

Following Lemma 1, fol d(pN(n)+1)7e€Tdr is bounded on
[0, t¢]. Therefore, defining Dmax = maxqe(o,] f(; d(pN(n) +
Dne€Tdr, (94) can be expressed as

0=V = (Dmax + V() — g)e—a + D (96)

C
where (D/C), can be arbitrarily small [41].

Equation (96) shows that all the signals of the closed-loop
system are SGUUB, and |y — y,| < ~/2V(0)e~“" + ,/2D'/C.
This means that |y — y,| is bounded, but it does not converge
to zero.

Based on the above formulation, we can finally state the
following theorem.

Remark 2: The parameter selection recommendation for the
DSC adaptive fuzzy backstepping design is given as follows.
Select design parameters appropriately such that Ay (Q)—g >
0, cx — (3/2) > 0, (I/w) — (1/2) — (H{()/2m) > 0,
then determine actual control law, virtual control law, and
adaptive tuning law accordingly. These parameters guaran-
tee the stability of the overall system. Moreover, from |y —
v < 2V(0)e ¢ + /2D'/C, we can conclude that by
increasing C, or decreasing D’ (which is related to design
parameters), we can make the tracking error y — y, smaller.
Nevertheless, it causes the magnitude of the control signal
is larger. Subsequently, in practical control systems, a trade-
off between control signal magnitude and the tracking error
should be considered.

Remark 3: Since the proposed approach is in general form
and contains a wide class of nonlinear systems, it can be
applied to strict feedback form systems as well. In fact, if
the system is represented in strict feedback form, the method
presented in this paper can handle such systems with dead-
zone, unavailability of the system states, unknown control
direction, and output constraint.

Theorem 1: Consider an uncertain nonlinear nonstrict
system (10) with unknown input dead-zone and disturbances.
Under Assumptions 1-3, and using the control law (12) based
on (72), and adaptation laws (74)—(72) for dead-zone, and
adaptation laws given for each step, then the proposed adaptive
fuzzy nonlinear controller based on observer dynamics (24),
guarantees the closed-loop states are bounded and the tracking
error is SGUUB.

Proof: Following each step of the design based on the
proposed DSC method for the nonstrict system (10), the proof
is straightforward and is concluded after step n of the design
procedure. |

V. SIMULATION RESULTS

In this section, the effectiveness of the proposed method
and is evaluated by a simulation example.

Consider the following nonstrict nonlinear system with
unknown control direction:

X1 =x2+filx1, x2) +d1(¥)
X = pDu) + fo(x1, x2) + do(t)
y=x

97

where f1(x1,x2) = 0.1(x1 + x2), fa(x1,x2) = x1x2, d1 () =
0.1sin(?), da(f) = 0.1cos (¢), the signal reference is y,(f) =
sin (7). The parameters of dead-zone are m, = 2, m; = 1.3,

dr =04, d; = —0.6, and membership functions are chosen as
X — 6+ 21
MFI_(.%I')ZCXP[—%}, l=172"'-76- (98)
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Define fuzzy basis function as follows:

gt (X1) st (%2
pii(k1. %) = — n )AF’( )A L I=1,2,...,6i=1,2
2=t gl (’CI)MFI2 (¥2)
(99)
and the FLS is
J?i(jc1’552|9i) = QiT<pi(5€1,5€2), i=1,2. (100)

The virtual control law «j, actual control law uy, and
adaption laws are determined as

oz—N()cs—i—si12 + 351 -
V=N st T e Ty ay T
IKIP(K?> —52)  s1(K>—s})
oT o1 (5 1 1
o)+, T
(101)
: Y151 N
O = 23 _s%@(x) — 010, 04,(0) =0 (102)
— S1
Tk =)
x | c1s1 + il 2 31 —y
151 Kz_s%lomax 2(K2—s%) yr
KNP (K? = 52) s1(K? —s7)
oT 0y 1
o)+ T T T
(103)
1 . . 5285
Ug = —Cpsy — ESZ +kox1 — 92Tg02(x) +2-85 tanh(iz)
(104)
02 = y25202(X) — 0202, 62(0) =0 (105)
. i
iy = oI (1= 5() — aviy (106)
my
A amr ~
e = — 0" 5 () — s (107)
my
‘Aml = 5352(1 — () — azd (108)
Amr = ;4328([) - a4amr~ (109)

In addition, the design parameters are chosen as

ki =0.1, ko =0.6, ¢c; =20, ¢ =5, d=0.04, K=2
Pmin = 1, pmax =3, 1 =22 =2, 01 =10, 0o =10

/3;::0.5, c=50=6, =10, &3 =6, &4 =2

ar =2, ax=1, a3 =3, ag =2, p==+2.
Besides, the initial conditions are selected as

(x1(0), x2(0)) = (0.2, —0.2)
(m,(O), ml(O),Zlm,(O),sz,(O)) —(15,15,15,1.5)

(5(1 (0),)?2(0)) — (0.1,0.1)

and other initial values are chosen as zero.

The simulation results are carried out for two different
gain signs to show the efficiency of the proposed approach.
Figs. 1-3 are illustrated for p = —2 and Figs. 4 and 5 are
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Fig. 1. Output y and the reference signal y, for p = —2.
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Fig. 2. Control input for p = —2.
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Fig. 3.  Adaptive parameters for dead-zone nonlinearity: (a) my, (b) my,

(¢) dpyy, and (d) dpyy for p = —2.

illustrated for p = 2. As it is seen from Fig. 1, one can con-
clude that the output signal can track the reference trajectory
with bounded error considering the boundedness of the output
signal. In addition, the output is constrained by a predefined
bound.

The control signal for this case is demonstrated in Fig. 2.
It is obvious that this signal is bounded and applicable in
practice.

The adaptive parameters of dead-zone nonlinearity are
shown in Fig. 3. This figure show that these parameters are
updated based on the proposed adaptive laws and vary during
the simulations. In addition, these parameters are bounded and
therefore, this makes the control signal bounded.

In addition, in order to show that in the proposed method
it is not required to know a priori knowledge about con-
trol gain sign, the same simulations have been carried out
for the proposed system when p = 2. From the simula-
tion results, one can write even though the system is in this
nonstrict feedback form, the system states may not be available
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Fig. 4. Output y and the reference signal y, for p = 2.
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Fig. 5. Control input for p = 2.

for measurement, the system contains nonlinearities, unknown
dead-zone, and unknown control direction, and the proposed
observer-based fuzzy adaptive controller can guarantee the sta-
bility of the closed-loop system. In addition, as it is seen in
Fig. 4, the system output tracks the desired trajectory with
small tracking error. Besides, the system output does not
violate the predefined bounded considered in the design pro-
cedure. In addition, it can be observed from Fig. 5 that the
control signal is bounded and applicable for implementation.
The proposed method can be implemented on a wide class of
nonlinear systems in nonstrict feedback form. For example, it
can be applied to practical systems, e.g., mass-spring-damper
system [23] and marine surface vehicles [44].

VI. CONCLUSION

In this paper, we have developed a new method for con-
trolling uncertain nonstrict nonlinear systems with known
disturbances, unknown gain sign, and unknown dead-zone. In
order to approximate unknown functions in the system, FLS
has been utilized and based on the adaptive mechanism; the
unknown functions were approximated effectively. In addition,
to solve the problem of so-called “explosion of complexity”
which exists in traditional back-stepping control design, the
DSC methodology was used. This method incorporates a fuzzy
logic observer to overcome the difficulty of accessibility to
unmeasured states. It was shown that the proposed observer-
based fuzzy adaptive controller can assure the boundedness of
the closed-loop signals and ensures the tracking performance
of the system in spite of having uncertainties, disturbances, and
unknown control direction. Finally, a simulation example was
demonstrated to show the efficiency of the proposed method.

It is interesting to apply the proposed method to practi-
cal examples in the future works. For example, the systems
presented in [44] and [45] are two potential applications that
could be good candidates for the proposed method. In addi-
tion, an extension of the proposed method to stochastic and
multiagent nonlinear systems is considered as future work.
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